In this paper, we study how small a box contains at least two points from a modular cubic polynomial y ≡ ax 3 + bx 2 + cx + d (mod p) with (a, p) = 1. We prove that some square of side length p 1/6+ǫ contains two such points.
The restriction to such reduced cubic polynomials is not restrictive at all as one can transform a general cubic to such form through change of variables in x and y which does not affect the shortest distance between two points in C a,c . Instead of distances, we consider how small a box
contains at least two points in C a,c where X and Y run over 0, 1, ..., p − 1.
To study this, we use a recent result of Heath-Brown [2] and Shao [3] on mean-value estimates of character sums:
and χ is any non-principal character modulo p.
Applying the above theorem, we can show that Theorem 2 For any ǫ > 0, for any (a, p) = 1, integer c and H ≫ ǫ p 1/6+ǫ , we have
Some Notations Throughout the paper, p stands for a prime. The symbol |S| denotes the number of elements in the set S. We also use the Legendre symbol ( x) ) mean that the implicit constant C may depend on λ 1 , ..., λ k .
The Basic Argument
Without loss of generality, we assume that p > 3. For (a, p) = 1 and any integer c, suppose |C a,c ∩ B(X, Y ; H)| ≥ 2 for some 0 ≤ X, Y ≤ p − 1. This means that
for some 1 ≤ x, y ≤ p and 1 ≤ u, v ≤ H. Subtracting, we get
where y denotes the multiplicative inverse of y modulo p (i.e. yy ≡ 1 (mod p).) After some algebra and completing the square, we have 
